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Starting from Clifton's spherical static solution for /(i?)-gravity we can derive axial symmetric 
solutions using a methods that takes the advantage of a complex coordinate transformation. The 
new solutions are generated by applying the Newman-Janis algorithm previously used to transform 
any static spherically symmetric into axially metric in General Relativity . 
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I. INTRODUCTION 

Newman and Janis showed that it is possible to ob- 
tain an axially symmetric solution (like the Kerr metric) 
by making an elementary complex transformation on the 
Schwarzschild solution [l|. This same method has been 
used to obtain a new stationary and axially symmetric so- 
lution known as the Kerr- Newman metric (2|. The Kerr- 
Newman space-time is associated to the exterior geome- 
try of a rotating massive and charged black-hole. For a 
review on the Newman-Janis method to obtain both the 
Kerr and Kerr-Newman metrics see 

By means of very elegant mathematical arguments, 
Schiffer et al. Q have given a rigorous proof to show 
how the Kerr metric can be derived starting from a com- 
plex transformation on the Schwarzschild solution. We 
will not go into the details of this demonstration, but 
point out that the proof relies on two main assumptions. 
The first is that the metric belongs to the same alge- 
braic class of the Kerr-Newman solution, namely the 
Kerr-Schild class The second assumption is that 

the metric corresponds to an empty solution of the Ein- 
stein field equations. In the case we are going to study, 
these assumptions are not considered and hence the proof 
in [J is not applicable. It is clear, by the generation 
of the Kerr-Newman metric, that all the components 
of the stress-energy tensor need to be non-zero for the 
Newman-Janis method to be successful. In fact, Giirses 
and Gursey, in 1975 @, showed that if a metric can be 
written in the Kerr-Schild form, then a complex transfor- 
mation "is allowed in General Relativity." In this paper, 
we will show that such a transformation can be extended 
to /(iJ)-gravity as has already been done by the author- 
in a previous paper Q. The interest in spherically and 
axial symmetric solutions of /(i?)-gravity is growing up 
because, they could lead to solutions to determine the 
black holes yl, Q . Exact solutions of the field equations 
are important in order to gain insight into the mathe- 
matical and physical content of a theory (To| . and can 
be obtained only upon assuming special symmetries. In 
[ll| , solutions in vacuum have been found considering re- 
lations among functions that define the spherical metric 
or imposing a costant Ricci curvatue scalar. The au- 
thors have reconstructed the form of some /(i?)-models, 



discussing their physical relevance. In [12| . the same au- 
thors have discussed static spherically symmetric solu- 
tions, in presence of perfect fluid matter, adopting the 
metric formalism. They have shown that a given mat- 
ter distribution is not capable of globally determining 
the functional form of f(R). Others authors have dis- 
cussed in details the spherical symmetry of /(i?)-gravity 
considering also the relations with the weak field limit. 
Exact solutions are obtained for constant Ricci curva- 
ture scalar and for Ricci scalar depending on the radial 
coordinate. In particular, it can be considered how to ob- 
tain results consistent with GR assuming the well-known 
post-Newtonian and post-Minkowskian limits as consis- 
tency checks. [l4|. In the case of metric f(R) theory in 
vacuo, assuming spherical symmetry does not automati- 
cally lead to the Schwarzschild or Schwarzschild-de Sitter 
solutions The class of spherically symmetric solu- 

tions of metric f(R) gravity is still unexplored, with only 
a handful of analytical solutions beyond Schwarzschild- 
de Sitter being known @, Q . When one considers axially 
symmetric solutions, the situation is even worse: apart 
from the Kerr metric [l5[ , only the solutions of Ref . [7] 
are presently available. 

We consider, in particular, a static spherical solution 
discovered by Clifton and Barrow in f(R) = R 1+s gravity 
(l3| , which does not resemble the Schwarzschild-de Sitter 
solution, and use it as a seed metric to generate a new 
rotating solution which is not the Kerr metric or a known 
generalization of it. The outline of this paper is as fol- 
lows. In the Sec|lTl we introduce the /(i?)-gravity action 
and the field equations with its spherical solutions. In 
Sec lHIl the Newman-Janis method is applied to Clifton- 
Barrow solution. Discussion and concluding remarks are 
drawn in Sec. IIVI 



II. FIELD EQUATIONS AND 
CLIFTON-BARROW SPHERICALLY 
SYMMETRIC SOLUTIONS 



Let us consider a function f(R) of the Ricci scalar R 
in four dimensions flpj ] . The gravitational action is 
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f{R) + X£„ 



(1) 



where X 



16ttG 



is the coupling, C m is the standard 



matter Lagrangian and g is the determinant of the met- 
ricQ. The field equations, in metric formalism, reacQ 



(2) 



3Df'(R) + f'(R)R - 2f(R) = —T , (3) 



III. AXIAL SYMMETRY FOR f(R) = R 1+s 
GRAVITY 



We want to show, now, how it is possible to obtain 
an axially symmetric solution starting from a spherically 
symmetric seed solution (|5|) adopting the method devel- 
oped by Newman and Janis in General Relativity P, 0| • 
Such an algorithm can be applied to a static spherically 
symmetric metric, considered as a "seed" metric. Follow- 
ing Newman and Janis, Eq. ([5]) can be written in the 
so called Eddington-Finkelstein coordinates (u,r,9,tp), 
i.e. the g rr component is eliminated by a change of co- 
ordinates and a cross term is introduced [13 • Specifi- 
cally this is achieved by defining the time coordinate as 
dt = du + F(r)dr and setting 



— _\/_ g__ m_ ^ e ener gy momentum ten- 



-9 Sg^ 

sor of matter (T is the trace), f'(R) = an d O g = 

signature, while the con- 



We adopt a (+ 



j 5 7 



ventions for Ricci's tensor is R^ = R 

+ ... for the Riemann tensor, where 



and R a pp V = 



T af3 = ^9^ {9aa.fi + 9lia,a ~ g a fd,a) , 



(4) 



are the Christoffel symbols of the g^ metric. We choice 
f(R) = R 1+s which reduces to General Relativity in the 
limit 5 — > 0, and we consider only the exact static spheri- 
cally symmetric vacuum solutions deriving from this La- 
grangian [l3j . The static solution is given by the line 
elements 



where 
A(r) = r 2 

B(r) = 



ds 2 = A(r)dt 2 



C 



dr 2 
B{r) 



(5) 



1-4(5 ! 
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(l-5f 



C 



(1 - 25 + 45 2 )(1 - 25(1 + <S)) 



l — 25+45 z 
y> 1 — 5 



and C is a constant. The task is now to show how, from 
a spherically symmetric solution, one can generate an 
axially symmetric solution adopting the Newman- Janis 
procedure that works in General Relativity. 



1 Here we indicates with "," partial derivative and with " ;" co- 
variant derivative with regard to g M „ ; all Greek indices run from 
0, 3 and Latin indices run from 1, 3; g is the determinant. 

2 All considerations are developed here in metric formalism. Prom 
now on we assume physical units G = c = 1. 



F(r) = 



A(r) 



B(r) 



J25-1 



1-25+ lrt J 

* (C + r i-s 



(6) 



where for simplicity we set * = (1 _ 2S+4 ^)li-25(i+s)\ 
Once such a transformation is performed, the metric ([S]) 
becomes 



ds 2 



A(r) du 2 + 2 v /A(r)B(r) dudr - r 2 dQ 2 = 



5(25 + 1) 



A(r)du 2 + 2r i-* (*) 2 dudr-r 2 dW 



(7) 



The surface u = costant is a light cone starting from the 
origin r = 0. The metric tensor for the line element 
in controvariant form and null-coordinates is 



_1 ,5(2(5 + 1 

J- _ o (*,\ 2 „ r=3 dudr 



ds 2 = 2 (*) 2 r 



1-26 + -15- 

1 + Cl r 



dr 2 - -^d6 2 - 



+ 



1 



r z sm 



-dip 2 



(8) 



The metric ([8} can be written in terms of a null tetrad 



a.s 



g^ = l»n v + iV - m^ftf - m v fh» 



(9) 



where Z**, n M , m M and to^ are the vectors satisfying the 
conditions 



y = m M m M = n^ L = 0, 



Z^ = -m^m? = 1, 



Z^m^ 1 = n AI m M = . 



(10) 

(11) 
(12) 
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The bar indicates the complex conjugation. At any point 
in space, the tetrad can be chosen in the following man- 
ner: is the outward null vector tangent to the cone, 
is the inward null vector pointing toward the origin, 
and and are the vectors tangent to the two- 
dimensional sphere defined by constant r and u (see [HI]). 
For the space-time (|5J|, the tetrad null vectors can be 



with 

~ZZ{x%-x°)U = z = Z»{x°). (18) 
For our aims, we can make the choice 

' u = u + ia cos 9 



( i" = K , 



* i 



1-2S+45 2 
. 3^=1 



A) 



(13) 

Now we need to extend the set of coordinates x^ = 
(u, r, 9, if) replacing the real radial coordinate by a com- 
plex variable. Then the tetrad null vectors become 



( rf ) 2(1-4) 



(14) 



\ 2 + sine . 
1 _ i S 



where ft — 1 g^j 4<5 . A new metric is obtained by making 
a complex coordinates transformation 



x^ -> = ^ + iy»(x°), 



(15) 



where y At (x cr ) are analityc functions of the real coordi- 
nates and simultaneously let the null tetrad vectors 
Zg = (l ft ,n»,m tJj ,fh ,Jl ), with a = 1,2,3,4, undergo the 
transformation 



Zg->Zg = ZP 



dx^ 
~dxP' 



(16) 



Obviously, one has to recover the old tetrads and met- 
ric as soon as xf = x a . In summary, the effect of the 
"tilde transformation" (|15p is to generate a new metric 
whose components are (real) functions of complex vari- 
ables, that is 



9\iv ■ x x x i-> 



(17) 



3 It is worth noticing that a certain arbitrariness is present in the 
complexification process of the functions. Obviously, we have to 
obtain the metric ((SJl as soon as r = f. 



r = r — ia cos ( 



x» = x» +ia(S^-S^) cos 6 -> I ~ Q = 



(19) 



where a is constant and the tetrad null vectors (|14[) . if 
we choose f = r, become 



r P = 51 



i5(2i5+1) 



y/2{ 



r—za cos f 



v2(r+itt cos £ 



(20) 

where E = \/f 2 + a 2 cos 2 9. 

From the transformed null tetrad vectors, a new metric 
is recovered using ©. For the null tetrad vectors given 
by ([20]) and the transformation given by (|T9| . the new 
metric, with coordinates x^ = (u,r,9,<f), is 

/5R(f) x 01 



„ 25(25 + 1) 

ds = E 



1 + C 



V 



dw' 



,5(2,5 + 1) 

E 25(25 + 1) 

-2 ^—duf + 2aE i-* x 



"E^-I-Cf^? 



5(1 + 25) „ 

r, E i-« sin 6* 9 ~ 

x sin 6>du<^ - 2a df<£ - E dO 



' „ o 9 25(25 + 1) 

E + a sin 2 6»E i-* 



5(25 + 1) 



1 -C 



sin 9dip 



-2 



(21) 



The form of this metric gives the general result of the 
Newman- Janis algorithm starting from any spherically 
symmetric "seed" metric. The metric given in Eq. (|2"Tj) 
can be simplified by a further gauge transformation so 
that the only off-diagonal component is g vt . This proce- 
dure makes it easier to compare with the standard Boyer- 
Lindquist form of the Kerr metric [l7T | and to interpret 
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physical properties such as the frame dragging. The co- 
ordinates u and tp can be redefined in such a way that 
the metric in the new coordinate system has the prop- 
erties described above. More explicitly, if we define the 
coordinates in the following way 



du = dt + g(f)df and dtp = dip + h(f)dr (22) 



where 



This metric is the product of the Newman- Janis algo- 
rithm applied to the Clifton-Barrow static spherically 
symmetric solution of R 1+s gravity, in Boyer-Lindquist 
type coordinates. In the same manner, axisymmetric so- 
lutions of other f(R) gravity theories can be generated. 
This metric describes a 2-parameter family of solutions 
with the parametr C corresponding to the mass of the 
central object and a to the angular momentum per unit 
mass. Our result generalizes those previously obtained in 
Ref. 0] since, in the special case S = 1/4, not only one ob- 
tains immediately the spherically symmetric space-time 



fj(r) = 
h(f) = 



25^+35-2 



>1'S 



[i+c(2gt)"]+*d*»e 

a 

W[l+C(i5^>fJ+a2 sinks' 



(23) 



ds 2 



(C + r) dt 2 



2C 



-dr 2 - r 2 dQ 2 



(25) 



but, in addition, the axial metric (|24l) reduces to the 
spherycally symmetric metric found in [7|. 



after some algebraic manipulations, one finds that, in 
(t, r, 6, tp) coordinates system, the metric (|2"Tj) becomes 



„ 25(25 + 1) 

ds 2 = £ i-s 



l + C 



«(f) 



dt 2 



26(25+1) 

+2aS i-* 



x sin 2 Odtdip - * 



l + C 



SR{f} 
E 2 



1 - C 




+ a 2 sin 2 9) 1 dr 2 - T, 2 d9 2 - <J S 2 + 



„ 25(25+1) „ 

-a 2 £ i-*' sin 2 



(24) 



IV. CONCLUSIONS 

The Newman- Janis method was developed for General 
Relativity but, as shown in Sec lHIl it can be applied suc- 
cessfully also to metric /(ii)-gravity. The Clifton-Barrow 
static and spherically symmetric solution is mapped into 
the new stationary axisymmetric solution (|24p . which is 
the main result of this paper. Due to the fourth order of 
its field equations, metric /(i?)-gravity has a richer va- 
riety of solutions than General Relativity and the Kerr 
solution is not the only vacuum solution of this theory, 
nor the most general. The new metric testifies of this 
fact. In addition, it does not belong to the class of ax- 
isymmetric solutions discovered in 
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